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itroduction

. this report we study some properties of the so-called
‘'unction., This is the mapping of the unit interval 1=[0, 1]
itself that takes the value O in O and 1, the value 1 in
ile it is linear both in[0,4] and in[ 3, 1].

. section 2 the orbits of points x € I under f are studied.
'esults are the following: if x is rational, 1ts orbit is
e, If x is irrational, its orbit is either nowhere dense
-erywhere dense, Both the set of all irrational x with a
re dense orbit and the set of all x with an everywhere

v orbit are themselves everywhere dense.

. sectzon 3 these results are generalized to "multi-hats".
. functions were brought to our attention by Z. Hedrlin,
1lso showed that every two multi—haté commute (proposition
section 3). In section 4 we communicate some results

. continuous mappings I—I that commute with the hat.

e last section contains a proof of the fact that the
-hats fn’ n=0,1,2,..., form a maximal commutative

roup of continuous mappings I—I. This semigroup was

. studied by Z. Hedrlin, as mentioned above. As far as we
this is the first non-trivial example of a countable

ial commutative semigroup of continuous transformations.
urse it leads at once to a whole class of (topologically
alent) maximal commutative semigroups of continuous

ngs, as is also shown in section 4.

nally it is shown that the maximal commutative semigroup
ructed (which is countable) is contained in an uncountable
tative semigroup of (no longer necessarely continuous)

formations of the unit segment into itself.




he orbits of the hat

e will denote by f2 the mapping I-——I such that

fo(x) = 2x if 0¢xg 53
)
fo(x) = 2-2x  1if 3¢ x &1

reason for this notation will become clear in section 3,

o) 1

Nf=

Fig.1: graph of f2
k . .

€I, then @B(x)= {fg(x); k=0,1,2,0.0} is called the orbit

(under fg),

1 order to study these orbits it is useful to write the

2rg a €l in dyadic expansion: a=09a1a2a3a4.@.,, where each

(00 ak
s elther O or 1, and where a= =
k="1

1en the following fact is almost immediate:

ysition 1 Let a €I, and let O.a4a2a3.e. be a dyadic
1sion of a. Then, for k=1,2,3,...,

fk(a) = 0.a a a if a, =0;

2 *"k+1 Tkt+2 "k+3°° k 7

ri(a) = 0.3, &, , & 1f a, =1

2 *Tk+1 Tk+2 Tk+3°°° k °
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rem 1 O(a) is finite if and only if a 1is rational.

£

Let a be rational. Then a has a dyadic expansion of the

v 1

) a =0.aa, ... amb,lb2 cee b

~ight hand side being an abbreviation for a the infinite

ic expansion O.a1a2a3... with a ., . =& . (k=1,2,...:
2, ...50).
1en it follows from proposition 1 that

m+2n _.m+n PO S . .

f2 (a)*f2 (a)—O.b,]bg...bn if bn—O,

m+2n _-mtn _ g“—‘-‘—“ . _

£, 7 (a)=fy (a)=0. 452..75n if b ="1.

> the orbit of a is finite. (In fact, this orbit consists
loop of at most n points, and a tail of at most m points,
cetched in Fig.2).

e

Fig.2: ©@(a) if a is rational

1 the other hand, if the orbit O(a) is finite, it must
like the one sketched in fig.2; this implies that a has
adic expansion of the form (2.3), hence that a is rational.

osition 2 There are irrational numbers a € I, such that

is everywhere dense.




f
Choose any enumeration of the (countable) set of all

Le dyadic fractions:

a(q) = Oaagq) aéq) oo o a(q)

) a(g) = Ooaéz) agg) ce a&i) H

® 5 9 0 050 0 6 0 e 90 6 MmO 808 0 5 S0 OO e

' 22) aég).,.aig) 0 a%”égknégo“oo
1 2
ction: @(a) is dense. For let U be any open'set in I, Then
1b2"'bk;
ts a natural number n»> k such that x €U for all x such that
| < 1. Define c €I by

atains a finite dyadic fraction b=0.b and there

on
¢ =0,b,by ... b, O 0,..0 1
172 k
n-k zeros
_ a(m) . i
c = a for some m, and if s = 3 (k.+1), then
=1

(m+1)

f3(a) = 0.b,by...b. 00 ... 010 ah cee s

1772°°"" "k

3

: |b-r5(a)] < ; which implies that f3(a) €U,

1
Eﬁ
lary Let E be the set of all a €I such that @ (a) is
‘where dense, The set E is itself everywhere dense.

his follows at once from the fact that 0(a)e E, where a
e point defined by (2.5).




~em 2 For every a €I, either @(a) i1s everywhere dense or

) is nowhere dense,.

o
L

\ssume ©O(a) is not nowhere dense. Then there is an open
~val U € 5(53. By the corollary to proposition 2 there 1is
€U such that @(x)=I.

>t V be any open subset of I. Then fg (x)€ I, for some

~al number n, Now fg is continuous; hence fg(y)fizhfor all
some open neighbourhood W of x, As @ # WnU ¢ @(a), WnU
M (a) e Vne(a).

3y V was an arbitrary open subset of I, it follows that

contain a point z € O(a); say z=f"(a). Then f
is dense 1in I.

)>sition 3 There 1s an irrational number a € I such that

2—%n(n+1)

is nowhere dense. In fact, a= is such a

n=-1
r,

R

& -in(n+1)

et a=) 272 /. Then a admits the following dyadic
n="1

1sion:

i a=0, 1010010001000010. ..

i easily checked that e.g. the interval
1001< x < 0,1010001 contains no point of O(a). Hence 8(a)
't everywhere dense; it now follows from theorem 2 that

is nowhere dense,

lary Let N be the set of all irrational x € I such that

is nowhere dense. The set N 1s everywhere dense.

" contains all numbers with a dyadic expansion of the form

O,p4p2p3.,.vpn 1010010001000010. .. ;




e N is dense in the set of all numbers with a finite dyadic

=

asion, But the latter set is dense in I.

sneralisation to multi-hats

or n=1,2,3,..., let fn be the mapping I— I defined as

WS
£ (i) =0 (k=0, 1,2 [ﬁ]) .
n n 3 3 5 o o 9 2 3
£ (QKM): 1 (k=0,1,2 [5]) ;
n n 3 3 ) ® e 9 2 3

k k+17 . .
fnl [—-, —H_] is linear (k=0,1,2,...,n-1) .

irticular, fq is the identity map, and f2 is the hat-function
1ed in section 2, We may also define fo to be the function

1s 1ldentically zero on I. The functions fn with n3» 3 may
.1led multiple hats or multi-hats; if n is odd, the multi-

n has a flap at the right,

/]

12 3 4
© 55 85 31

Fig.3: graph of f5

e results of section 2 can also be obtained for the
ions fn’ n=3,4,... . This depends on the following easy

alisation of proposition 1:




osition 4 Let n 32 be an integer. Let

a = O°a1 as a3 IR

n n-adic expansion of a I. Then

k . .
fn(a) O,ak+1 I if a, 1s even ;
(k) A= = . .
£ (a)=0,ap 4 8y .- if a, is odd .

Ei denotes the integer n-1-a,.

sing this proposition, one can establish in a manner

tly analogous to the methods of section 2:

rem 3 Let n>»2 be a natural number, For a €I, let 0(a)

ne orbilt of a under fn‘
O(a) is finite if and only if a 1s rational,
6(a) is either everywhere dense or nowhere dense.

Let E be the set of all x € I such that 6(x) is
everywhere dense, and let N be the set of all irrational
x € I such that @(x) is nowhere dense. Both N and E

are everywhere dense,

ntinuous mappings commuting with the hat

> say that two mappings f,g of a set A into itself commute

o g=g o f, i.e, if

111 x € A,

d>sition 5 If n and m are non-regative integers, then fn

o

commute,
m




his is an immediate consequence of

ogsition 6 If n and m are non-negative integers, then
f =1 ¢
m . n.m

f

From the definition of the multi-hats it follows that
£ is either O or 1 (k=0,1,2,...,nm), and that

. . . +
f 1s linear on each of the intervals £X ék 1
m n.m n.m

31, ...,n.m=1), As f,o f, is continuous, and as f o fm(O)=O,

n (o)

.

ollows that fno fm must coincide with fn,m

nother example of a continuous map g:I—I that commutes
f, 1s the constant map g(x)= % , for all x €1,

2
3 0 and %-are the only fixed points of f2, we must elther
&(

0)=0 on g(0)= % , for any mapping g:I—I (continuous
>t) that commutes with fg. The following proposition gives
information about the case g(0)=0. It plays an important
in the proof of theorem 4 in the next section.

bsition 7 Let g be a continuous map I— I such that g(0)=0.

commutes with f,, then X-qg(x) is bounded on I.

o

le may assume that g 1s not identically zero on I, In that
g(x)=1 for at least one x. For take any z such that g(z)#0,

iny natural number k such that ;%-<g(z). Then ;%-eg I;

't a = inf g—q(ﬂ), As g is continuous, g(a)=1; as g(0)=0,

‘£1on e [o, %)c[ o,ik) , for k=0,1,2,...
— > >

1deed, assume this were false for a certain k; then there
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d

i exist an x, O<:x<-§E , such that g(x)= — - It would
2 2

>w that
K K
g o fy(x) = f5 g(x) = 7

{(x)< a, this contradicts the definition of a.

> now are able to show that g(x)<-%§ on [0,a). For this

~ue on each of the intervals [—5:7 s EE) , k=0,1,2,...,
2 2

blds trivially if x=0.

maximal commutative semigroup of continuous mappings I

2t M be the semigroup of all fn’ n=0,1,2,... . We have
ady that M 1s commutative. We will now show that M is a

nal commutative semigroup of continuous mappings.

~em 4 The semigroup M is a maximal commutative semigro
ontinuous mappings I—I. I.e, if g:I—1I 1s continuous

z 0 fn=fno g for n=0,1,2,..., then geM.

2

£

s g o fo=foo g, we have g(0)=0, Then by proposition 7
tion X~1g(x) is bounded on I. Let k be the smallest non
tive integer such that g(x)¢ kx for all x €I; we will s

=fk. This 1is trivial if k=0; hence we may assume k » O,
~tion 1 g(x) is linear on [O, %-].
1 be any natural number. Then x € — implies g(x) s« %; he

n.g(x) = .0 g(x) =g o £ (x)=g(nx)

all xe[O, ??E] . Putting nx=y we get

g(L) = %-g(y)

111 y € [O, %f]. This holds for every natural number n.
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Now consider any rational number r= = ¢ 1, Then we see that

=3 fa)
/N

Se(y) =ed) =gy ;

hence

g(ry) = re(y) .

As g 1s continuous, it follows that g is linear on [O,-%].

Assertion 2 g(x)= nx on [O, %—]; where n is a suitable non-zero

integer.

Let g(x)=ox on [O, —-]. Then g(%)= % : hence

71
g(1)=g o £ (g)=F, (F). Now g(1)=0 or g(
=g o f2(1)=g(0)=0, It follows that fk(

this again implies that « is an integer n. As we assumed k#O,

is either O or 1, and

it 1s not possible that « =0, For in that case it would follow,
for any x € I:

) = fio e (§) = £,(0)=0.

03]
>
I
(0]
o
=
.
~ |

This proves the assertion,

Assertion 3 g(x)=f

-
We already know: g(x)=nx on [O, g:], where n is an integer 50,
/]

As g(—k—)z %6’!, we have n<¢ k. Take any x such that %sng— 3 we

will show that again g(x)=nx., Let s be a natural number such
g

X
that n—S<E. The

£ ) = nx.

(3&)=f o g(ling (—
ns ns ns ns ns ns 1

g(x)=g o f

1 X 1
Next we show that g=fn. Take any xe[;;,’l]. Then 5-6 [O, H];
aence

ol

)=r, o g (£) = £ _(x).

g(x)=g o £_ ( n
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1ly from the fact that g(x)<¢ nx on I and the definition
it follows that n=k.

rem 5 Let 7 be any topoligical map of I onto itself. Then
‘1:={tf}12_1

group of continuous mappings.

:n=O,1,2,...} is a maximal commutative

£

If is clear that M t-q is a commutative semigroup. If F
commutative semigroup of continuous mappings such that

v twq, then z_qF‘t is a commutative semigroup containing

snce t_qFt”=M, or F=TM z_ . Thus TM 7~ is maximal,

> take T(x)=1-x, we get the semigroup {Tg, ?1, ?é,..,},

“irst four members of which have graphs as indicated below,.

ne
]
N,

Fof
M|
=]
|

Fig. 4

> 1s also possible to obtaln countable maximal semigroups
mtinuous mappings I—I, all elements of which are
:rentiable on (0,1). For instance, if z(x)= ﬂiﬁgéji s

er (x)= 98 DX | ang nence tr, T is differentiable
), 1), for n=0,1,2,...

11tion A mapping f: I—1I is called a topological multi-

f it is of the form f= tfn‘r—q, for some f €M and some

morphism T of I onto itself,
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very topologiéa1‘MQlti-hat is open, On the other hand,
2drlin pointed out to us that every continuous open map f
onto itself is of the following form: there is a partition
€8 €85 <. .. <a, =71 of I such that the values f(ai) are
rnatingly O or 1, while f is strictly monotone on each

~val [ai,ai+1], Hence the graph of such an open continuous
ing £ of I onto itself looks like a "topological'" deformatim
1e graph of an fn on an ?h. However, not every open

tnuous f: I—I (onto), say with £(0)=0, is a topological
L-hat: e.g. the mappings outlined in fig.S are not,

Fig. 5
he first cannot be of the form Tt r"], as Tf, ‘C—/]=f,];
second cannot be of the form Tf t_q, as 1t has three

2
1 points where f2 has only two of them,

> should be emphasized that all maximal commutative

rroups TM 2?—AE are countable. If we drop the condition that
‘'unctions are commutative, then M is no longer maximal, and
: are uncountable commutative semigroups of transformations:
-, containing M,

ile fact that M 1s no longer maximal 1f we drop the

nuity condition follows at once from the fact that every
Lps3 the. rationals into the rationals, and the irrationals
the irrationals. Hence 1if we define f:I—I1 as follows:
f,(x) for all rational x, and f(x)=f3(x) for all irrational

len £ € M, but f commuteswith all functions in M.
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' we want to show that M is contained in an uncountable
ltative semigroup, we must be more precise., Let x €I; we
write M(x) for the set {fn(x); n=0,1,2,...} . Suppose

n M(y) contain a point z#0. Then z=f"(x)="(y), for some
'al numbers n and m, It follows that there 1s a rational
yraic relation between x and y.

w there exists an uncountable subset S of I that is
yraically independent over the field of rationals. It

ws that M(x)n M(y)= {0} for x,y €S, x#y. Because S is
intable, there are uncountably many mappings f:I-—1 with

'ollowing properties:

| I\ U mM(x)= fnl I\ U M(x), for some £, cM;
X €S X €8

for every x €S there exists an fne M such that

£ lu(x) = £ | m(x)

yllows at once from the fact that M(x)a M(y)= {0} if
S, x#y, that all these mappings f commute. Hence they
‘ate an uncountable commutative semigroup of transformations

., and this semigroup obviously contains M,







